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We investigate the eets of disorder within the T = 0 Brinkman-Rie (BR) senario for the Mott
metal-insulator transition (MIT) in two dimensions (2d). For suiently weak disorder the transition
retains the Mott harater, as signaled by the vanishing of the loal quasipartiles (QP) weights Zi
and strong disorder sreening at ritiality. In ontrast to the behavior in high dimensions, here
the loal spatial utuations of QP parameters are strongly enhaned in the ritial regime, with a
distribution funtion P (Z) ∼ Zα−1 and α → 0 at the transition. This behavior indiates a robust
emergene of an eletroni Griths phase preeding the MIT, in a fashion surprisingly reminisent
of the Innite Randomness Fixed Point senario for disordered quantum magnets.
PACS numbers: 71.10.Fd, 71.10.Hf, 71.23.-k, 71.30.+h
The eets of disorder on quantum ritiality [1℄ prove
to be muh more dramati than in lassial systems.
Here, some ritial points an be desribed by an innite
randomness xed point (IRFP) [2℄ and the assoiated
quantum Griths phase. Suh exoti behavior is well
established in insulating quantum magnets with disrete
internal symmetry of the order parameter [3℄, but may
or may not survive in other models or in the presene of
dissipation due to ondution eletrons.
More general insight in the robustness of the IRFP
senario rests on a reently proposed symmetry lassi-
ation [1℄, based on the lower ritial dimension of droplet
exitations. These ideas have found support in very re-
ent work [4℄, sparking onsiderable renewed interest [5℄.
Muh of this progress, however, relies on the ability to
identify an appropriate order parameter, desribing the
orresponding symmetry breaking transitions.
The metal-insulator transition (MIT) represents an-
other important lass of quantum ritiality, one that of-
ten annot be redued to breaking any stati symmetry.
Conventional theories of the MIT in disordered systems
[6℄, based on the diusion mode piture, strongly resem-
ble standard ritial phenomena and thus do not easily
allow [3℄ for rare event physis or IRFP behavior. There
urrently exists, however, a large body of experimental
work [7℄, doumenting disorder-indued non-Fermi liquid
behavior due to rare disorder ongurations, even in sys-
tems far from any spin or harge ordering.
Theoretially, suh eletroni Griths phases (EGP)
[8, 9, 10℄ have reently been proposed for orrelated ele-
troni systems with disorder, based on generalized dy-
namial mean-eld theory (DMFT) approahes [3, 11℄.
All these works were performed on the Bethe lattie and
identied EGPs only in the viinity of disorder-driven
MITs, in partiular, only for strong enough disorder, in
ontrast to quantum magnets where even weak disorder
often results in IRFP behavior. Some key unanswered
questions thus remain: (a) What is the eet of weak
to moderate disorder on interation-driven MITs suh as
the Mott transition in nite dimensions? (b) Is the riti-
al behavior dramatially hanged as in the examples of
IRFP or may a more onventional senario sue?
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Figure 1: T = 0 phase diagram of the disordered half-lled
Hubbard model in d = 2, as a funtion of the interation U at
weak to moderate disorder strengthW . U . An intermediate
Eletroni Griths Phase emerges separating the disordered
Fermi liquid metal and the Mott insulator. The inset shows
the typial (Ztyp) and average (Zav) values of the loal quasi-
partile weight Zi as a funtion of U . The Mott transition
is identied by the (linear) vanishing of Ztyp. Note that Zav
is nite at Uc, indiating that a fration of the sites remains
nearly empty or doubly oupied.
In this Letter, we investigate the eets of weak and
moderate disorder on the Mott MIT at half lling [12℄
in two dimensions. As the simplest desription of the ef-
fets of disorder on the Mott transition, we work within
a Brinkman-Rie (BR) senario [13℄, where a Gutzwiller
variational approximation is applied to a disordered two
dimensional Hubbard model. Our results demonstrate
that: (i) for suiently weak disorder the transition re-
tains the seond order Mott harater, where eletrons
gradually turn into loalized magneti moments; (ii)
disorder-indued spatial inhomogeneities give rise to an
2intermediate EGP that displays IRFP harater at riti-
ality, even when the transition is approahed by inreas-
ing the interation at weak disorder; (iii) the renormal-
ized disorder seen by quasipartiles is strongly sreened
only at low energies, resulting in pronouned energy-
resolved inhomogeneity of loal spetral funtions.
Model.We fous on the paramagneti disordered
Hubbard model with nearest-neighbor hopping and with
site energies εi uniformly distributed in the interval
[−W/2,W/2] [10, 14℄. We approah the Mott transition
by inreasing the on-site Hubbard interation U at half
lling (hemial potential µ = U/2), on an LxL square
lattie with periodi boundary onditions. All energies
will be expressed in units of the lean Fermi energy (half-
bandwidth) EF = 4t, where t is the hopping amplitude.
Within our disordered BR approah, we self-
onsistently alulate the loal single-partile self-
energies Σi(ωn) [10, 14℄, whih assume a site-dependent
form
Σi (ωn) =
(
1− Z−1i
)
ωn + vi − εi + µ. (1)
The renormalized site energies vi = vi (ei, di) and the
loal quasipartile (QP) weights Zi = Zi (ei, di) are vari-
ationally alulated through the saddle-point solution of
the orresponding Kotliar-Rukenstein (KR) slave boson
funtional [15℄
F = −2T
∑
ωn
Tr ln
[
−iωn1+ Zv + Z
1/2
H0Z
1/2
]
+
∑
i
[
Ud2i −
(
1− e2i + d
2
i
)
(Zivi − εi + µ)
]
. (2)
Here, ei and di are the KR slave boson amplitudes [15℄,
T is the temperature, and ωn are the Matsubara frequen-
ies. The operators Z and v are site-diagonal matries
[Z]ij = Ziδij ; [v]ij = viδij , and H0 is the lean and non-
interating lattie Hamiltonian.
This approah is mathematially equivalent to a gen-
eralization of the dynamial mean eld theory (DMFT)
[11℄ to nite dimensions, the statistial DMFT [10℄ im-
plemented using a slave boson impurity solver, whih pro-
vides an elegant and eient omputational approah,
allowing us, for example, to alulate Zi values spanning
eight orders of magnitude. We onsidered several lattie
sizes ranging up to L = 50, and for every (U,W ) pair
we typially generated around forty realizations of disor-
der. We arefully veried that for suh large latties, all
our results are robust and essentially independent of the
system size (see, e.g., the inset of Fig. 2).
Phase diagram and Griths phase.To haraterize
the T = 0 disordered Mott transition in d = 2, we fol-
low the evolution of the loal QP weights Zi, as the in-
teration U is inreased at xed disorder W . For weak
to moderate disorder, we nd behavior partly reminis-
ent of that previously established for high dimensions
(DMFT limit) [16℄. The approah to the ritial point
at U = Uc(W ) is identied by the vanishing of the typial
QP weight Ztyp = exp{〈lnZi〉}[10℄, indiating the Mott
transmutation of a nite (large) fration of eletrons into
loal magneti moments. Beause random site energies
tend to push the loal oupation away from half lling
Uc(W ) inreases with disorder (Fig. 1).
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Figure 2: Distribution of zi = Zi/Z0 (see text) as the transi-
tion is approahed by inreasing U (thin lines orrespond to
U/Uc(W ) = 0.6, 0.8, 0.9, 0.92, 0.94, 0.97). For referene, the
thik solid line shows the DMFT xed point distribution
whih remains bounded from below. Our d = 2 results show
that, due to rare events, a low-z tail P (z) ∼ zα−1 emerges for
z . 1 as the transition is approahed. In the ritial region
the distribution assumes a singular form (α < 1), indiat-
ing the onset of an Eletroni Griths Phase. Results are
shown for W = 5.0 and L = 20. The inset illustrates how
for suh large latties our results for P (Z) are essentially in-
dependent of the system size (shown for U/Uc(W ) = 0.94
and α = 0.77± 0.06, 0.81± 0.05, 0.82± 0.05 orresponding to
L = 20, 30, 50, respetively).
The role of utuation eets, however, is best seen by
ontrasting our d = 2 results to those found in the DMFT
limit [14℄. There eah site has many neighbors, and thus
sees the same (self-averaged) environment (avity), so
ZDMFTi = Z
DMFT (εi) depends only on the loal site en-
ergy εi. Its minimum value orresponds to the sites los-
est to half-lling ZDMFTmin ≡ Zo = Z
DMFT (εi = 0). In
the ritial region all ZDMFTi ∼ 〈Z〉 ∼ U
DMFT
c (W )−U ,
but the saled loal QP weights zDMFTi = Z
DMFT
i /Zo
approah nite values at the transition, with zDMFTmin = 1.
The orresponding saled distribution P
(
zDMFTi
)
ap-
proahes a xed-point form lose to UDMFTc (W ) (shown
by the thik solid line in Fig. 2).
In low dimensions, site-to-site avity utuations give
rise to a low-Z tail emerging below the DMFT minimum
value Zo (Fig. 2). To bring this out, we present our
d = 2 results in preisely the same fashion as in the
DMFT limit, i.e. saling eah Zi with Zo. Away from
the transition the distribution resembles the DMFT form,
but in the ritial region the low-z tail assumes a power-
3law form
P (z) ∼ zα−1. (3)
Physially, the emergene of a broad distribution of
loal QP weights Zi indiates the presene of rare dis-
order ongurations haraterized by anomalously low
loal energy sales ∆i ≈ ZiEF . Sine the approah to
the Mott insulator orresponds to Z → 0, suh regions
with Zi ≪ Ztyp should be reognized as almost loal-
ized Mott droplets. Within our BR piture, eah loal
region provides [10℄ a ontribution χi ∼ γi ∼ Z
−1
i to
the spin suseptibility or the Sommerfeld oeient, re-
spetively. The loal regions with the smallest Zi thus
dominate the thermodynami response and produe non-
Fermi liquid metalli behavior [8, 9℄ whenever α < 1.
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Figure 3: Exponent α (U) for two dierent values of disorder.
To alulate α we use two methods (open and losed symbols,
see text). Result are shown for L = 20. Within the estimated
error bars, we nd an extrapolated value onsistent with α =
0 at the ritial point U = Uc(W ).
IRFP-like behavior.To arefully alulate the expo-
nent α(U) as the transition is approahed, we use two
distint methods. The rst relies on the estimator [17℄
α = 〈ln [Zmax/Zi]〉
−1
Zi≤Zmax
, where Zmax ∼ Ztyp ∼ Zo
(see Fig. 2) is an appropriate upper-bound on the power-
law behavior. The seond approah onsists in alulat-
ing 〈Z−µ〉
−1
Zi≤Zmax
for given µ, as a funtion of U . This
quantity is expeted to vanish at U = Uµ, satisfying
α(Uµ) = µ. Both methods give onsistent results (open
and losed symbols, respetively, in Fig. 3), whih agree
within the estimated error bars.
The exponent α is found to derease smoothly as the
transition is approahed, until the distribution assumes
a singular form (α < 1), indiating the emergene of an
Eletroni Griths Phase (EGP) [8, 9℄. Its estimated
onset (α = 1) is generally found to stritly preede the
MIT (dashed line in Fig. 1), indiating that disorder u-
tuations qualitatively modify the ritial behavior even
for weak to moderate disorder. Remarkably, we nd that,
within our numerial auray, α→ 0 preisely along the
ritial line U = Uc(W )! This establishes a phenomenol-
ogy whih losely parallels the behavior of magneti Grif-
ths phases with IRFP behavior [1, 3℄.
Figure 4: (a) Spatial distribution of the (normalized) loal
spin suseptibilities χi ∼ Z
−1
i , illustrating a typial disorder
realization ontaining a rare event (RE) with χi ≫ χtyp; (b)
Disorder utuations are eliminated outside a box of size l =
9, without appreiably aeting the RE; () When the box is
further redued (here l = 3) the RE is rapidly (exponentially)
suppressed, establishing the non-loal nature of the rare event,
in strong support of the IRFP piture. Results shown for
L = 30, W = 5.0 and U/Uc = 0.96.
Struture of the rare events.To explore the nature of
the rare events (REs) dominating the EGP, i.e. the re-
gions with Zi ≪ Ztyp, we examined a number of disorder
realizations and seleted those few samples ontaining
the smallest Zi. A typial example is shown in Fig. 4,
where the RE is seen as a very sharp peak of the loal
spin suseptibility χi ∼ Z
−1
i (note the logarithmi sale).
The orresponding RE site is then plaed in the middle
of a box of side l (dashed line in Fig. 4). To examine the
spatial orrelations, we preserve the same disorder real-
ization within this box, while the outside is replaed by
an appropriate DMFT eetive medium. We then real-
ulate the QP parameters Zi as the box size is redued
from l = L (original model), down to l = 1 (DMFT limit
where all spatial orrelations are suppressed). We nd
that the RE is essentially unmodied until the box size
reahes l ∼ lRE (≈ 9 for the example in Fig. 4), and then
is rapidly (exponentially) suppressed for l < lRE . We also
nd that the variane of the disorder strength within the
4box of size lRE is appreiably weaker than on the average,
establishing that the REs dominating the Griths phase
stem out from rare disorder ongurations, preisely as
expeted within the IRFP senario.
Critial behavior of the spatial inhomogeneity.As
α → 0 in the ritial region, the P (Zi) distribution
beomes innitely broad, sine α−1 measures [3℄ the
variane of lnZi. The thermodynami response be-
omes inreasingly inhomogeneous as the transition is
approahed; suh behavior is typially seen in NMR ex-
periments on materials displaying disorder-driven NFL
behavior [3℄.
Figure 5: Spatial distribution of the LDOS normalized by
its lean value, for one disorder realization, shown: (a) away
from the Fermi energy (ω = 0.10); (b) at the Fermi energy
(ω = 0). Due to stati disorder sreening, the distribution be-
omes homogeneous lose to the Fermi level, but displays pro-
nouned spatial strutures at higher energies. Results shown
for L = 50, U/Uc = 0.96 and W = 0.75.
But what to expet from STM experiments diretly
measuring the loal eletroni spetra? Within our BR
approah, the loal density of states (LDOS) in question
ρi(ω) =
1
pi ImGii(ω− i0
+) depends not only on the loal
QP weights Zi, but also on the renormalized site energies
vi through
Gii(ω) =
[(
Z
−1ω − v −H0
)−1]
ii
. (4)
The quasipartiles thus see a frequeny-dependent ef-
fetive disorder potential
εeffi (ω) = vi − ω/Zi. (5)
Our expliit alulations nd that the renormalized site
energies vi beome strongly sreened near the transition,
giving rise to a very small (but nite) renormalized dis-
order strength Weff =
√
〈v2i 〉 ≪ 1 at ritiality (e.g. for
W = 5,Weff ≈ 0.05). Near the Fermi energy (ω = 0), we
predit the LDOS spetra to appear inreasingly homoge-
neous in the ritial region. At higher energies, however,
the very broad distribution of loal QP weights (essen-
tially loal QP bandwidths) reates a very strong ee-
tive disorder seen by the quasipartiles, and we expet
the system to appear more and more inhomogeneous as
ritiality is approahed. This result is illustrated by ex-
pliit omputation of the DOS prole (Fig. 5), whih
is surprisingly reminisent of reent spetrosopi images
on doped uprates [18℄. Our theory, whih does not in-
lude any physis assoiated with superonduting pair-
ing, strongly suggests that suh energy-resolved inhomo-
geneity is a robust and general feature of disordered Mott
systems.
Conlusions.We presented the rst detailed model
alulation investigating the eets of moderate disorder
on the Mott metal insulator in two dimensions. Our nd-
ings indiate that rare disorder utuations may domi-
nate quantum ritiality even in absene of magneti or-
dering - an idea that begs experimental tests on a broad
lass of materials. The Brinkman-Rie senario we on-
sidered, whih fouses on loal (Kondo-like) eets of
strong orrelation (while negleting inter-site magneti
orrelations), may be relevant only for systems with suf-
iently strong magneti frustration, suh as
3
He mono-
layers adsorbed on graphite [19℄. Suh variational ap-
proah should be generalized for systems, suh as opper
oxides, where the inter-site super-exhange is strong, but
this fasinating researh diretion remains a hallenge for
future work.
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